In the CP-invariant supersymmetric theories, the steep S-wave (slow P-wave) rise of the cross section for any non-diagonal neutralino pair production in e + e − annihilation, e + e − →χ 0 iχ 0
Introduction
Most supersymmetric extensions of the Standard Model (SM) based on some soft supersymmetry (SUSY) breaking mechanism contain several CP phases, whose large values tend to render lepton and quark electric dipole moments (EDM) too large to satisfy stringent experimental constraints [1] . Such CP crises are generic in supersymmetric theories, but may be resolved by pushing the masses of some sparticles, especially the first and second generation sfermions, above a few TeV, by arranging for internal cancellations, or by simply setting phases to be extremely small [2] . On the other hand, new sources of CP violation beyond the SM are required to explain the non-zero baryon asymmetry in the universe in the standard Big Bang framework [3] . Therefore, it is crucial to look for new signatures for CP violation in such SUSY scenarios with some large phases, as long as they are consistent with the stringent EDM and other low-energy constraints. In this light, detailed analyses of the neutralino sector at future e + e − linear collider experiments [4] can prove particularly fruitful [5, 6, 7, 8] , because in most supersymmetric theories neutralinos belong to the class of the lighter supersymmetric particles [9] and the neutralino system contains two non-trivial CP violating phases.
There are many different ways for probing CP violation in the neutralino system. The imaginary parts of the complex parameters in the neutralino mass matrix could most directly and unambiguously be determined by measuring suitable CP violating observables by exploiting initial beam polarization and angular correlations between neutralino production and decay at future high-energy colliders [5, 6, 7, 8] . But, their experimental measurements will be quite difficult. The presence of the CP violating phases can also be identified through by their impact on CP-even quantities such as neutralino masses, branching ratios and so on. However, since these quantities are already non-zero in the CP conserving case, the detection of the presence of non-trivial CP phases will require a careful quantitative analysis of a number of physical observables, especially for small CP-odd phases giving rise to very small deviations from the CP-conserving values [1] . On the other hand, the rise of excitation curves near threshold for non-diagonal neutralino pair production in e + e − collision is altered qualitatively in CP-noninvariant theories [5] , by allowing the steep S-wave increase of all pairs simultaneously. Thus, as demonstrated in Ref. [5] , precise measurements of the threshold behavior of the non-diagonal neutralino pair production processes may give clear indications of non-zero CP violating phases in the neutralino sector, if at least three different neutralino states are accessible kinemati-cally.
In the present note we provide a new powerful method for probing CP violation in the neutralino system, which is based on a combined analysis of the threshold excitations of neutralino pair production in e + e − annihilation and the fermion invariant mass distribution near the end point of the 3-body neutralino fermionic decays:
[ Before demonstrating the new method for probing CP violation in the neutralino system in detail, we describe briefly the mixing for the neutral gauginos and higgsinos in CP-noninvariant theories with non-vanishing phases in Sec. 2. In Sec. 3 we introduce the selection rules for the production of neutralino pairs and the neutralino to neutralino transition via a (virtual) vector boson or sfermion exchange. Then, we prove that in any CP-invariant SUSY theory, if the production cross section for any non-diagonal neutralino pair in e + e − annihilation increases steeply in S-waves (slowly in P-waves) near threshold, the lepton or quark invariant mass distribution of the decayχ 
in the {B,W 3 ,H -4) . In general the matrix N involves 6 angles and 10 phases, and can be written as [5, 10] 
where R jk are rotations in the complex [jk] plane characterized by a mixing angle θ jk and a (Dirac) phase β jk . One of (Majorana) phases α i is nonphysical and, for example, α 1 may be chosen to vanish. None of the remaining 9 phases can be removed by rotating the fields since neutralinos are Majorana fermions. The neutralino sector is CP conserving if µ and M 1 are real, which is equivalent to β ij = 0 (mod π) and α i = 0 (mod π/2). Majorana phases α i = ±π/2 do not signal CP violation but merely indicate different intrinsic CP parities of the neutralino states in CP-invariant theories [11] .
Neutralino Pair Production and 3-Body Decays
Both the production processes, e + e − →χ 0 iχ 0 -4) , and the 3-body neutralino decays,χ 0 i →χ 0 j ff, are generated by the five mechanisms: s-channel Z exchange, and t-and u-channelf L,R exchanges withf =ẽ for the production processes. After appropriate Fierz transformations of the sfermion exchange amplitudes and with the fermion masses neglected, the transition matrix element of the production process e + e − →χ 0 iχ 0 j and that of the 3-body fermionic neutralino decaysχ 0 i →χ 0 j ff can be written as
that is to say, as a sum of the products of aχ 0 vector or axial vector current and a fermion vector or axial vector current, respectively. We refer to Ref. [5] and Ref. [7] for the expressions of the generalized bilinear charges Q αβ and Q ′ αβ , just mentioning that the bilinear charges become independent of the kinematical variables when two neutralinos are at rest. Therefore, in this static limit, both the production and the decays can be considered to proceed via a static vector boson exchange.
Some general properties of the bilinear charges Q αβ and Q ′ αβ in Eqs. (3) and (4) can be derived in CP-invariant theories by applying CP invariance and the Majorana condition for neutralinos to the transition matrix elements. In CP-invariant theories, the production of a neutralino pair through a vector or axial vector current with positive intrinsic CP parity satisfies the CP relation [8, 12] 
in the non-relativistic limit of two neutralinos, where η i = ± i is the intrinsic CP parity ofχ 0 i and L is the orbital angular momentum of the neutralino pair. The selection rule (5) reflects the fact that if two neutralinosχ 0 i andχ 0 j have the same or opposite CP parity, the current for the neutralino pair production must be pure axial-vector or pure vector form, respectively, cf. [12] . Because the axial-vector current and the vector current involve the combination of u and v spinors for the two Majorana particles, the axial vector corresponds to the P-wave (L = 1) and the vector to the S-wave (L = 0).
On the other hand, the neutralino decay,χ 
in the non-relativistic limit of two neutralinos, where L is the orbital angular momentum of the final state ofχ 0 j and V . We emphasize first that the neutralino to neutralino transition current is pure axial-vector or pure vector form for the two neutralinos of the same or opposite CP parity, respectively, as in the production case. However, because two u-spinors are associated with the currents in the neutralino to neutralino transition, the axial-vector corresponds to S-wave excitation while the vector corresponds to P-wave excitation, giving rise to the relative minus sign between (5) and (6).
One immediate consequence of the selection rules (5) and (6) is that, in CP-invariant theories, if the production of a pair of neutralinos with the same (opposite) CP parity through a vector or axial vector current is excited slowly in P-waves (steeply in S-waves) [11] , then the neutralino to neutralino transition via such a vector or axial vector current is excited sharply in S-waves (slowly in P-waves). More explicitly, the power of the selection rules (5) and (6) 
with
, and the kinematic functions are given by
In CP-invariant theories, all the (complex) rotation matrices R jk in Eq. (2) become real and orthogonal. Therefore, if the neutralinosχ 0 i andχ 0 j have the same CP parity, then the Majorana phase difference, α i − α j , is 0 or π, and so N ik N * jl is real. On the contrary, if the neutralino pair have the opposite CP parity, the phase difference α i − α j is ±π/2 and so N ik N * jl is purely imaginary. Consequently, in CP-invariant theories the cross section of a non-diagonal neutralino pair rises steeply in S-waves only when the produced neutralinos have the opposite parity, as dictated by the first CP relation (5) and as clearly indicated by Eq. (7). One important implication of the selection rule is that, even if the {ij} and {ik} pairs are excited steeply in S-waves, the pair {jk} must be excited slowly in P-waves characterized by the slow rise ∼ β 3 of the cross section [5] . In contrast to the production case, the characteristic sharp S-wave decrease of the fermion invariant mass distribution near the end point is possible only if the neutralinos have the same CP parity, as dictated by the second CP relation (6) and as clearly indicated by Eq. (8).
However, in the CP-noninvariant theories the orbital angular momentum is no longer restricted by the selection rules (5) and (6). The production of all non-diagonal pairs can simultaneously be excited steeply in S-waves near threshold, and the corresponding neutralino to neutralino transition can be excited steeply in S-waves even if the production cross section of the same non-diagonal neutralino pair is excited steeply in S-waves.
Consequently, CP violation in the neutralino system can clearly be signalled by (i) the sharp S-wave excitations of the production of three non-diagonal {ij}, {ik} and {jk} pairs near threshold [5] or by (ii) the simultaneous S-wave excitations of the production of any non-diagonal {ij} neutralino pair in e + e − annihilation, e + e − →χ 0 iχ 0 j , near threshold and of the fermion invariant mass distribution of the neutralino 3-body decays,χ 1 Analyses of electric dipole moments strongly suggest that CP violation in the higgsino sector will be very small in the MSSM if this sector is non-invariant at all [1, 2] .
near the end point for the neutralino pair of the same (opposite) CP parity with Φ 1 = 0 (Φ 1 = π). On the contrary, in the CP-noninvariant case (Φ 1 = π/2) the production and decay are excited steeply both in S-waves.
Conclusions
We have shown that only in CP-noninvariant theories the production of any non-diagonal neutralino pairχ 
